Abstract. The paper consider regulous functions on the real affine space R N . We shall study some algebraic properties of the ring of those functions. It is presented a proof of the regulous version of Nullstellensatz based on the substitution property and the Artin-Lang property for the considered function ring. We prove that every maximal ideal in the ring of regulous functions on R N when N ≥ 2 is not finitely generated. Finally, we extend the latter result to an arbitrary, smooth, real affine algebraic variety of dimension d ≥ 2.
Introduction
The subject of our work are rational functions admitting a continuous and C k extension to the real affine space R N , which are simply called k-regulous. Section 2 contains some basic results about k-regulous functions and sets; for details we refer the reader to the papers [2] and [5] . We shall study some algebraic properties of the ring of those functions. Our work is focused on two purposes.
First, in Section 3, we present a proof of the regulous version of Nullstellensatz relying on the paper [3] . Our approach is based on the substitution property for the ring of regulous functions and on the Artin-Lang property which can be directly deduced from the former. Basically, these two results together with the formal Positivstellensatz allow us to establish Nullstellensatz for the ring of regulous functions.
Next, in Section 4, we will be concerned with lack of noetherianity of the ring 1991 Mathematics Subject Classification. Primary 14P10; Secondary 26C15.
1 R k R N of k-regulous functions on R N , N ≥ 2, which was proven in [2] . It is well known that there exist non-noetherian rings whose all maximal ideals are finitely generated.
We shall show that every maximal ideal of R k R N , N ≥ 2, is not finitely generated. Then we extend this result to smooth, real affine algebraic varieties of dimension d ≥ 2. This is a new result which cannot be deduced from the reasonings in the paper [2] . Besides the methods we use are different from those in [2] .
We assume some prerequisites of real algebraic geometry, for which we refer the reader to the monography [1] . In particular, we will use the Tarski-Seidenberg principle in many contexts.
We use the following notation: N = {0, 1, ...} N * = {1, 2, ...} O = (0, ..., 0) ∈ R N Z(f ) the zero set of a function f Z(E) the set of common zeroes of functions from a subset E I(F ) the ideal of functions vanishing on a set F √ I the radical of an indeal I
Regulous functions and their basic properties
This introductory section presents without proofs some basic results about regulous functions. For details and proofs we refer the reader to [2] , [4] and [5] .
Let N ∈ N * be a positive integer, and f ∈ R(x 1 , ..., x N ) be a rational function on R N . The domain of f denoted by dom(f ) is by definition the biggest Zariski open subset of R N on which f is regular. There exist p, q ∈ R[x 1 , ..., x N ], with q = 0 on dom(f ), such that f = p q on dom(f ) (cf. [2, Proposition 2.9]).
The indeterminacy locus of f is defined to be the Zariski closed set indet(f ) = R N \ dom(f ).
Definition 2.1. Let N ∈ N * , k ∈ N ∪ {∞}. We say that a real valued function f defined on R N is k-regulous if the following conditions are satisfied:
The set of k-regulous functions on R N has a natural ring structure. We denote this ring by R k R N . 
where O(X) is the ring of regular functions on X (cf. [2, Theorem 3.3] ). We also say that a mapping f : R N → R M is k-regulous when so are all its coordinate functions.
Definition 2.3. Let f : R N → R be a real function and k ∈ N be an integer.
We say that f is k-flat at a point a ∈ R N if f is of class C k near a and all partial derivatives of f of order ≤ k are zero at a. We say that f is k-flat if f is k-flat at any point of its zero set.
Then f is k-regulous function on R N and k-flat at O. This can be checked by routine calculation.
The next proposition says that the indeterminacy locus of a regulous function f cannot be too wide.
, for x ∈ dom(f ) where p, q are suitable relatively prime polynomials. Then Z(q) ⊆ Z(p) and codim R N Z(q) ≥ 2.
Now we recall a crucial theorem on existence of regular stratification from which many important properties of regulous functions follow (cf. Remark 2.7. From the above theorem we can in particular deduce that the composition of k-regulous functions remains k-regulous. Namely, let n, m, l ∈ N * and f :
[2, Corollary 4.14] and [5, Corollary 11.7] ).
In the next section we will also need the following variant of the Lojasiewicz property. 
Then there exist natural M, and a k-regulous function h, such that
Let us remind briefly the notion of k-regulous topology. Just like in the construction of the Zariski topology, where we use as closed sets the sets of common zeroes of polynomials to obtain a well defined topology, we can do the same by replacing polynomials with k-regulous functions to obtain again a well defined topology in the similar manner. Definition 2.9. We say that subset F ⊆ R N is k-regulous closed if there exists a subset E ⊆ R k R N such that:
We define a k-regulous topology as a topology induced by family of k-regulous closed sets.
Recall that a topological space is noetherian if the closed subsets satisfy the descending chain condition: any descending chain of closed sets Actually even more is true. Recall that a subset F ⊆ R N is constructible if it is a (finite) boolean combination of Zariski closed subsets of R N . Then the family of all closed and constructible subsets of R N is the family of closed sets for a topology which we call the constructible topology on R N . Furthermore, the constructible topology is noetherian (cf. [5, Proposition 11.1]). It has been proven that for every k ∈ N, the k-regulous topology coincides with the constructible topology on R N (cf. [2, Theorem 6.4]). Hence, it is not necessary to specify the integer k to define the regulous topology on R N . In particular it follows that the regulous topology, being exactly the constructible topology on R N is automatically noetherian.
3. Nullstellensatz in the ring R k R N via Artin-Lang property
In this section we present a proof of the regulous version of Nullstellensatz based on the paper [3] . We start with preliminaries from real algebra following the monography [1] . Later in this section we will also use the Tarski-Seidenberg principle, we refer the reader to [1, chapters 1, 4 and 5] .
From now on A will be an unitary commutative ring. An ideal I in A is said to be real if for any elements a 1 , ..., a n ∈ A the following condition is satisfied: a 1 , ..., a n ∈ I whenever n i=1 a 2 i ∈ I. The real radical of the ideal I is the set 
The cone α is said to be proper if in addition
The proper cone is said to be prime if additionaly
The set of sums of squares of elements of A is the smalest cone of A. We denote this set as A 2 . The positive cone of an ordered field (F, ≤) is the cone α = {a ∈ F | a ≥ 0}.
Let α be a prime cone of A and −α = {a ∈ A | −a ∈ α}. Then α ∪ −α = A and α ∩ −α is a prime ideal of A, called the support supp(α) of A.
The following proposition gives a one to one correspondence between the orderings and the prime cones of a ring A. 
is the positive cone of an ordering of k(supp(α)), and α is the inverse image of α under the canonical homomorphism A → k(supp(α)). It follows, in particular, that supp(α) is a real prime ideal. i) The ring A has a proper cone
ii) The ring A has a prime cone iii) There is a homomorphism ϕ : A → K, where K is a real closed field
iv) The ring A has a real prime ideal
Now we show a one to one correspondence between the orderings of residue field, the prime cones and the homomorphisms to a real closed field. This makes it possible to consider the real spectrum of a ring in the three equivalent ways, which will be useful later.
The prime cone α induces an ordering ≤ α of the residue field k(supp(α)). This ordering is defined by 0 ≤ α a ⇔ a ∈ α, for every a ∈ A (where a denotes the class of a in k(supp(α))). We denote by k(α) the real closure of the ordered field (k(supp(α)), ≤ α ). For a ∈ A, a(α) denotes the image of a by the canonical homomorphism from A into k(α):
If the ring A is an R-algebra, then the above canonical homomorphism is an R-algebra homomorphism. Clearly we have:
We conclude with proposition given below: 
for ≤, and from iii) to i) by taking α = {a ∈ A | ϕ(a) ≥ 0}.
Now we are ready to give a formal definition of the real spectrum of commutative ring A: Definition 3.7. The real spectrum Spec r A of A is the topological space whose points are the prime cones of A, with topology given by the basis of open subsets of the form U (a 1 , ..., a n ) = {α ∈ Spec r A | a 1 (α) > 0, ..., a n (α) > 0}, where a 1 , ..., a n is any finite family of elements of A. This topology is called the spectral topology.
The elements of A are now regarded as "functions" on Spec r A.
We still need some results listed below. 
If f is a rational function in R(x 1 , ..., x N ) and R → R a real closed field extension, then one can define (independently of the representation as a quo-
. Let S ⊆ R N be a semi-algebraic set given by a boolean combination B(x) of sign conditions on polynomials in R[x 1 , ..., x N ], where x = (x 1 , ..., x N ). The subset {x ∈ R N | B(x)} of R N , denoted by S R , is semi-algebraic and depends only on the set S and not on the boolean combination chosen to describe it (cf. [1, Proposition 5.1.1]). The set S R is called the extension of S to R. We can also extend a function f ∈ R k R N . Indeed, by the Tarski-Seidenberg principle, f as a rational function, has an unique extension to any real closed field containing R. We have the following:
and R → R a real closed field extension. Then f ∈ R k R N if and only if
Now we are going, following the paper [3] , to present a proof of the regulous version of Nullstellensatz, which is based on the substitution property recalled below.
where R is a real closed extension of R, is uniquely determined by its values on
is an evaluation map (as R-algebra homomorphism from the polynomial ring over R into a real closed extension R ⊆ R). Take arbitrary f ∈ R k R N . We know by Theorem 2.6 that, there is a stratification on Zariski locally closed subsets R N = S 0 ∪ ... ∪ S m such that f is regular on each S i . From Tarski-Seidenberg's principle we also know that
is an evaluation homomorphism, we find x 0 ∈ R N such that φ(w) = w(x 0 ), for all w ∈ R[x 1 , x 2 , ..., x N ]. Then changing numeration of indices we may assume that x 0 ∈ S 0R . Because f is regular on S 0 , we can write f = p q on S 0 , where p, q are polynomials in R[x 1 , x 2 , ..., x N ], and q is nonzero everywhere on S 0 . Let 
Since φ(r) = 0 and φ(s) = 0 we finally obtain that φ(q)φ(f ) − φ(p) = 0 and we use the fact that φ(q) = 0 to conclude that
The proof of Nullstellensatz we present relies on the following Artin-Lang property for R k R N .
and
Then S = ∅ if and only if S = ∅.
Proof. Since S is a semi-algebraic subset of R N , there exist (l, m) ∈ N 2 and some Assume S = ∅ and S = ∅. Take α ∈ S. From our discussion on the real spectrum we know that α corresponds to an R-algebra homomorphism φ :
where R is a real closed extension of R. Thus
By the substitution property (Proposition 3.10) φ is an evaluation morphism.
Therefore exists x 0 ∈ R N such that
which is a contradiction with S R = ∅.
We first prove the weak Nullstellensatz for
Z(I) = ∅ if and only if
Proof. By noetherianity of the regulous topology we obtain To prove the general version of Nullstellensatz we require also the property that radical ideals are real in R k R N .
I is a real ideal.
Proof. Suppose that f 
This is due to the fact that following mappings are k-regulous:
and by Remark 2.7 their composition is also k-regulous. Thus
Because I is radical, we obtain f i ∈ I.
We still need the following version of the formal Positivstellensatz.
Proposition 3.14. Let A be a commutative ring (considered with A 2 cone).
Let f, g ∈ A. Then the following are equivalent:
i) There is no homomorphism φ : A → R into a real closed field R, such that
ii) There exist h, h i ∈ A, i = 1, ..., m, e ∈ N such that
Proof. i) ⇒ ii) We may assume g / ∈ (f ), otherwise g e = f h 1 , for some exponent
Let A 1 := A/(f ) and G be the multiplicative monoid generated by g. Consider 
where a i ∈ A, e i ∈ N. Then −1 = a
. Clearing denominators we obtain g 2e 1 · ... · g 2en + p = 0, where p ∈ A 2 . We have g 2(e 1 +...+en) + p ∈ (f ), and there exists h ∈ A such that g 2(e 1 +...+en) + p + f h = 0.
ii) ⇒ i) If there is a homomorphism φ : A → R into a real closed field R, satisfying the conditions of i), that is φ(g) = 0, φ(f ) = 0, then it must be We can now prove the main result of this section, the Nullstellensatz for
Proof. Only the "⊇" inclusion is nontrivial. Again by the noetherianity of the regulous topology, Z(I) = Z(f ), for some f ∈ I. Let g ∈ I(Z(I)). Obviously
Then by the Artin-Lang property (Proposition 3.11)
This means that there is no homomorphism φ :
field R, such that φ(f ) = 0, φ(g) = 0. By the formal Positivstellensatz (Proposition 3.14), there exist h,
Hence g belongs to the real radical of the ideal (f ). By Lemma 3.13, we get
for an unique a ∈ R N .
by weak Nullstellensatz. Let a ∈ Z(M), then we have M ⊆ M a , but the inclusion cannot be proper by maximality of M.
Remark 3.18. Of course for any a ∈ R N the ideal M a is always maximal. Above corollary simply means that if I is an ideal in the ring R k R N , then I is maximal if and only if it is of the form I = M a , for some a ∈ R N .
4.
Maximal ideals in the ring R k R N are not finitely generated
We begin this section with a basic lemma from which the main problem follows in the natural way. For clarity we state the following definition. When a = O, the polynomial p i is either zero or homogeneous of degree i.
. Let p n (resp. q m ) be the initial form of p 
ii) We can write
Proof. Consider a generic line l through O, for which q m | l = 0, parametrized by t → (t, α 1 t, α 2 t, ..., α N −1 t)
i) The sign of q on l in a neighbourhood of O depends only on its initial form q m . Suppose that m is odd, then passing through O, q m changes sign on l, so does q. But it follows from [1, Theorem 4.5.1] that codim R N Z(q) = 1 which is a contradiction with Proposition 2.5.
ii) It suffices to consider the Taylor polynomial of degree k, G(
at O and then take h := g − G.
iii) Because g l is also k-flat at O, then ord O (p l ) > m + k on a generic line l.
But also on a generic line l we have
It is well known that the ring R k R N , N ≥ 2, is not noetherian (cf. [2, Proposition 4.16]). Unfortunately the method used in [2] does not lead to Theorem 4.3. Using different approach we prove below that in fact maximal ideals of R k R N are not finitely generated.
The maximal ideals of the ring of k-regulous functions R k R N are not finitely generated for N ≥ 2.
Clearly, we may assume
Suppose the contrary and assume that there exist a finite set of generators
We can write f i = f i + F i with some f i k-flat at O, and
Denote by p i,n i , q i,m i the initial form of p i , q i respectively. Then
, where hot p i , hot q i are sums of homogeneous components of p i , q i of degrees greater than n i , m i respectively. Define a k-regulous function f by putting
away from the origin, where we choose a 1 , a 2 , ..., a N to be positive real numbers such that none of q i,m i is divisible by
N . Clearly f ∈ M O and therefore there are g 1 , ..., g r ∈ R k R N , such that:
Again write g i = g i + G i with some g i k-flat at O, and G i a polynomial. Then:
and after routine calculation we obtain ord O i≤r
Let us now consider a generic line l in R N parametrized by t → (t, α 1 t, α 2 t, ..., α N −1 t).
By equality (4.4), on a given line we have:
Next consider the situation at the origin, that is when t → 0. Because f i are k-flat at O, from lemma 4.2 it follows, that either n i = m i + k + 1 and then
or n i > m i + k + 1 and then the above limit is zero.
Since lim
where h is some polynomial in R[x 1 , ..., x N −1 ].
Summing up, after dividing by t k+1 and taking limits, we obtain
But we have already seen that lim 
in the ring R[x 1 , ..., x N ], which is a contradiction.
We generalize the above result to an arbitrary nonsingular, real affine algebraic variety of dimension d ≥ 2. We will need the following result from the paper [4] which allows us to extend a regulous function from a smooth, closed subvariety to the ambient space.
Theorem 4.5. Let X be an irreducible, smooth, real algebraic set X ⊂ R N . Let I(X) be the ideal of regulous functions on R N vanishing on X. Then
Proof. cf. [4, Proposition 8 and Theorem 10].
Therefore the regulous functions on X are precisely the restrictions of the regulous functions defined on the ambient space R N .
Definition 4.6. Let X ⊂ R N be an irreducible, smooth, real algebraic set. We define the k-regulous topology on X as a topology induced by the family of k-regulous closed sets, i.e. the sets of the form Z(F ), where F ⊆ R k (X).
As an immediate consequence of the Theorem 4.5 we obtain the following result.
Proposition 4.7. The k-regulous topology on an irreducible, smooth, real algebraic set X ⊂ R N is noetherian for all k ∈ N.
Proof. Because any chain of k-regulous closed sets is also a chain of regulous closed sets, it is enaugh to prove the proposition for k = 0. Let V ⊂ X be regulous closed. Then V = Z(F ) for some F ⊂ R k (X). DefineF := {f ∈ R 0 R N :f | X ∈ F } and take W := Z(F ) a regulous closed set in R N . By Theorem 4.5, V = W ∩ X, and by noetherianity of regulous topology in R N we
Noetherianity of k-regulous topology allows us to obtain the weak Nullstellensatz for the ring of k-regulous functions on a smooth, real affine algebraic variety. Proof. The same as in the Proposition 3.12.
Corollary 4.9. Let X be an irreducible, smooth, real algebraic set
for an unique a ∈ X.
Proof. The same as in the Corollary 3.17.
We can now generalize the Theorem 4.3 to the case of smooth, real affine algebraic varieties. Clearly f is k-flat at O. There exists g 1 , ..., g r ∈ R k (X) such that 
